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2 ■ 1 Introduction, 
o 

CN I In the various fields of pfiysics, in particular, in description of quantum phenomena at low 

^ I energies and temperatures, there appears the problem of extraction of essential (collective) 
^ . variables and construction of a relevant effective lagrangian [1]. Our interest to these prob- 
^ ! lems had arisen from the numerous discussions with Victor N. Popov, whose experience and 
^ I contribution to this domain helped us to develop the method of the low-energy bosonization 

[2] and apply it to the theory of strong interactions — Quantum Chromodynamics . 
^ ■ Chiral lagrangians for the light SU{3) pseudoscalar mesons parameterize their strong and 

^ ■ electroweak interactions by means of more than ten constants [3], which contain informa- 

tion about the dynamics of the quark and gluon interaction — Quantum Chromodynamics 
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i (QCD). Most of the constants can be evaluated from the analysis of experimental data, 

^ I thereby there appears a possibility to examine QCD at low energies. For the calculation of 
O ' the structure constants of the chiral lagrangian the low-energy QCD bosonization method 
r-| ■ has been developed [2]. This method gives good numerical results for the SU{3) quark 

current matrix elements [4]. 
Oh! Recently, the necessity to extend the 5'[/(3)i?-chiral lagrangian appears to describe Ua{1) 

current matrix elements [5], in particular, for the pseudoscalar gluon density, and also the 
matrix elements of the energy-momentum tensor [6] , amonge them,for the scalar gluon 
density. These matrix elements characterize some decays of heavy quarkonium (cc, bb and 
etc. ) [5] and also Higgs bosons, which occur via so-called vacuum channel. Thus, it is 
5^ I interesting to apply the low-energy QCD-bosonization method for the construction of the 
generalized chiral lagrangian in the presence of external f/A(l)-fields and in the background 
metric g^u{x). 

The main goal of this work is to elaborate the parameterization of the extended chiral 
lagrangian by means of the low-energy QCD-bosonization method, in the model [2], and 
derivation of the relations between the chiral coupling constants in the limit of large- A^c, 
number of colors ( generalized Zweig rules ). 

^Recently the new interest arised [14] to the chiral coefficients Lii,Li2,Li3 in the low-energy ChPT 
lagrangian describing the pseudoscalar meson coupling to gravity and/or light singlet dilatons. In 90ties we 
estimated these coefiicients within the Chiral and Conformal Bosonization Model [8, 4] but published the 
results in the journal [12] not easily accessible for the physics community. We put now our old paper to the 
E-archives. 

^This is a translation of the article published in "Zapiski nauch. sem. POMI" (Proc. Stcklov Math. 
Inst., St. Petersburg branch) v. 224/13 (1995) 68; Engl.transl.[12]; its short version appeared in [13]. 
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In the section 2 we briefly explain the scheme of the low-energy QCD-bosonization, 
display the structure of the SU (3) p-chiral lagrangian in the presence of the external vector, 
axial-vector, scalar and pseudoscalar fields, give estimates of its structure constants within 
the model [2]. Further on, following the ideology of the Chiral Perturbation Theory [3], we 
transform the bosonized chiral lagrangian into a phenomenological one and find relations 
(of Zweig rule type) between the corresponding structure constants. In the section 3 the 
?7(3)-chiral bosonization in the presence of external f/yi(l)-fields is considered in the heavy 
r/'-meson mass limit. It makes possible to obtain the SU{3) chiral lagrangian in the presence 
of external U{3) fields and estimate new structure constants L14...L19. The corresponding 
vertices describe the heavy hadron decays which occur via the vacuum pseudoscalar channel. 
The generalized Zweig rules are found that allow to express the new structure coupling 
constants through the known ones. In the section 4 the conformal anomaly of the quark 
determinant [8] is used for the construction of the chiral lagrangian in external conformal- 
flat metric of the space-time. It turns out to be sufficient to determine three structure 
constants of the generalized chiral lagrangian in the vertices characterizing the meson energy- 
momentum tensor matrix elements. In the conclusion we discuss the correspondence of the 
predictions obtained by the low-energy QCD-bosonization method and to other theoretical 
and phenomenological estimates. 

2 SU(3)-Chiral Lagrangian in the Low-Energy Bosoniza- 
tion Method. 

Let us expose the scheme of the low-energy QCD bosonization for the SU (3)-chiral la- 
grangian. The QCD-bosonization is carried out by transition from the color quark and gluon 
fields to the collective boson variables describing the pseudogoldstone excitations which ap- 
pear after the dynamical chiral symmetry breaking. For the generating functional of the 
singlet quark current correlators Z{V, A, S, P) the bosonization is given by the following 
identity: 

JvGVipViPexpi-SQCDii^, iP, G; V,A,S,P)) = JvU exp{-Seff{U; V,A,S,P))-n, (1) 

where V, A, S, P are, respectively, the external vector, axial-vector, scalar and pseudoscalar 
sources, and U (x) is parametrized by pseudoscalar fields: 

U = cxp(m(x)/F^) fti 93MeV. (2) 

In the right hand side of (1) the integration is made over the finite number of light 
boson states, and the heavier states' effects are included in the discrepancy functional R. 
The optimal bosonization at low energies guarantees R ^ 1. It corresponds to taking into 
account the total highest excitations' effects in the structure constants of chiral lagrangian. 
In the low-energy bosonization model [2] the dynamical chiral symmetry breaking in the 
low-energy region L is approximated by two parameters: A, the top spectrum boundary, 
and M, the spectrum asymmetry of the dynamical quarks. In this region L= (A, M) the 
choice of boson variables is based on the chiral noninvariance of the generating functional 
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under the local chiral transformations of external fields (chiral anomaly). The derivation of 
the effective chiral action is produced by integration of the generating functional over the 
group of local chiral rotations: 

ZTn. = / 'DUZ:^\V\ A\ S\ P% (3) 

where is a quark part of the generating functional before integrating over gluons. The 
integration in (3) is carried out over the local SU{3) group with invariant measure. Thus, 
we obtain a chiral invariant part of the generating functional Z. Due to this, one succeeds 
to calculate the chiral noninvariant part which is the effective action for the pseudoscalar 
fields, Seff{U;V,A,S,P): 

J VU ^ « »G= j VUeMiSeff{U;V,A,S,P)) « Z,^, »g, 

(4) 

where « ... »g means averaging over gluons. 

In the model [2] Se/f does not contain gluon fields, what is rcficctcd in (4). The role 
of gluons is reduced only to the formation of the dimensional parameters of the theory, 
L= (A, M), on the base of the equation of stability of the low-energy region , formed by 
gluon condensate [4]. 

In the low-energy region L the vertices of chiral lagrangian are classified by momentum 
and pseudoscalar meson mass degrees in accordance with the Chiral Perturbation Theory 
rules [3]: 

Seff ^ jd'^x{jC2 + ^4) + Swzw- (5) 
The Weinberg lagrangian of dimension 2, £2, looks as: 

£2 = {D^UyO^U > + < x^U + U+x >], (6) 

where the symbol < ... > means averaging over fiavor indices, the external sources are 
included in the covariant derivative = \V^^ *] + {A^, *} and in the complex density 
X = 2Bq{S + iP) with the parameter Bq connected with the condensate < ipip >= —FqBq. 
In [2] these parameters are determined by model characteristics in the low-energy region L: 

Fo-^2(^'-M% FSBo^^{A'M-Im% (7) 

The Wess-Zumino-Witten action, Swzw, contains abnormal parity vertices, its form pre- 
sented in [2], and in context of this paper it turns out to be important for the t/A(l)- 
bosonization (see the nest section). 

The lagrangian of dimension 4, £4, responds for the fine structure of interaction of the 
pseudoscalar mesons and includes nine structure constants 7^: 

C/f = /i < Di,U{D^UyD^'U{D''Uy > +I2 < D^U{D^U)'^D^U{D^U)'^ > 
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+h < D,U{D>'U)\xU^ + Ux^) > +h < Ux^Ux^ + xU^U^ > 
+/7 < x^U - U^x >' 

+/8 < F^^D^UiD^U)^ + FI^^{D''U)^D''U > +h < U^F/^UF^'"' >, (8) 

where F^, = 9^L, - d,L^ + [L^,L,]; = V;, - A^; i?^ = V;, + A^. After the 

bosonization one obtains the following estimates for the constants 7^: 



'"~96^' '~96^' ^~16^' '~ ' 

From (9) one can see that the S'f/(3)-low-cncrgy bosonization reproduces the coefficients 
Ik in the main order of iVg (/^ = O(iVc), A; 7^ 7); the coefficient I7 is saturated by the 
gluonic vacuum pseudoscalar configurations and is not determined correctly in the SU (3)- 
bosonization (see the next section). 

The phenomenological chiral lagrangian can be found from the lagrangian (8) by rules of 
the Chiral Perturbation Theory, when the equation of motion for the lagrangian of dimension 
2 is use: 

{DlU)^U - U^Dp - x^U + C/t;^ = 1 < U\ -x^U>, (10) 
In the SU (3) case, the following identities turn out to be useful: 

< A^A^A^A^ >= -2 < AlAl >+^<Al>'^ + < A^A^ >^ (11) 

The additional Gasser-Leutwyler lagrangian of dimension 4 [3] contains ten structure con- 
stants Li {i = 1, 10): 



CGL = {D^uynf'U >2 +L2 < {D^uyDM X (Df^uyD'^U > 

+L3 < {D>'UyD^U{D''UyDM > +L4 < {D^'UyD^U >< x^U + U^x > 
+L5 < {D>^UyD,U{x^U + U^x) > +L, < x^U + Wx >' 
+Lr < x^U U^x >' +^8 < X^Ux^U + U^xU^X > 

+L9 < F/lD''U{D''Uy + F/^^iD^Uy > -L^ < U^F^^UF^""" >, (12) 
which turn out to be connected with the coefficients in the chiral bosonization models: 



2Li = L2^Ii. L3 = /2 + /3-2/i, L4 = L6 = 0, L^^h + h, 
11 11 

L7 — I7—-I1 + —I3, Lg = — 7/3 + -/4 + /e, Lg — Is, LiQ — Ig. (13) 

o iz 4 2 

The zero- valued L4, Lg are in compliance with the large- Ac counting rules, since they give 
contribution of order 0(1) {N^ — > 00). This choice ehminates the uncertainty characteristic 
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for the SU (3)-lagrangians of dimensions 2 and 4, which appears due to the symmetry of 
observables under the one-parameter transformation: 

- X + ^(detx+)x(xx+)-' (14) 

-Do 

( Kaplan- Manohar symmetry). Here A is an arbitrary real number. Such a transformation 
changes values of the structure constants Lq,Lt, Lg as follows: 

L^ = Le-~X, L^ = L,-~X, = Lg + 2A, (15) 

where A = F^X/16Bq. Setting = in accordance with the Zweig rules, we evidently fix 
the constants Ly, Lg. 

So far as the structure of the chiral lagrangian, presented in (8), is general for the QCD- 
bosonization models in the limit of large number of colors, the correlations (13) between the 
model coupling constants Ij. and the phenomenological ones characterize an uncertainty 
in fixing of the constants Ik from the experimental data. There exists a two-parameter family 
of chiral bosonization models, giving the same values of observables. 



3 Ua{^) Generalization of the Chiral Lagrangian. 

The chiral lagrangian in the presence of external fields, singlet in flavors, allows to conduct 
the bosonization of the singlet quark currents and pseudoscalar gluon density. To construct 
it correctly, it is necessary to extend the SU (3)-lagrangian up to the U (3)-type one and take 
into account correctly the influence of the vacuum QCD effects. The external [/^(l)-fields 
include the axial-vector singlet field and the source 9 coupling with the pseudoscalar 
gluon density GG: 

Ce = -9ix)GG, GG ^ ^G^^Gf- (16) 

Let us accomplish the generalized scheme of the low-energy bosonization for the U{3) case 
and consider the chiral fields U{x) — > U{x), U = U exp{iriQ / ?>) as collective variables. 
In general case, it gives the additional term in the lagrangian: 

£_(%) = [rio + ii< X^U - Wx >)gG, (17) 

which is conditioned by the chiral anomaly of the quark determinant . In accordance with the 
counting rules when A^^ is large, C, = 0(1). When comparing the vertices (16) and (17) we see 
that the external source 6 can be combined with the scalar density x — ^ X = X6xp(i^(a;)/3), 
if change the variable rjo — > rjo — 0. After this, in the SU (3) lagrangian there appear the 
new vertices with six phenomenological constants [5] : 



= iL^^D^D^e <x^U -U^x> +^L^^D,e <{D^0U -U\D^X)> 

+ LieD^OD^e < DMiD^Uy > +LnD^eD^9 < D^UiD^U)^ > 

+ L^i^D^eD^'e < xU^ + Ux} > ML^qD^O < U{D^'UYD^U{D^U)^ >, (18) 
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which in the chiral bosonization models turn out to be connected with the structure constants 
of the 5'L'"(3)-lagrangian (8) and (12): 



Li5 = -6L18 = -3(^4 + -^5) = ~3^55 

^16 = ^L,7 = ~Lig = '^{h + I2 + I3) = ^{312 + L3) (19) 

When forming the constant L14, vacuum effects play a significant role. They are connected 
with that at large distance in QCD there appear infrared effects leading to non-zero value 
of the pseudoscalar gluon density correlator (topolgical susceptibility) . 

M^ = - J d% < 0|T(G'G(a;)G'G(0))|0 >o . (20) 

This phenomenon guarantees solution of the so-called U{1) problem and accounts for rela- 
tively large mass of the rj' meson. The averaging over gluons with taking into account (20) 
and with the multipole expantion approach used allows to calculate an additional contribu- 
tion to the U (3) meson lagrangian: 

^iVo) = [rio -rii< X^U - U^x >j + 0{-). (21) 

In this paper we are interested in the bosonization of the QCD-currents in the light 
pseudoscalar mesons sector. Thus, we consider the ?7'-meson mass as a large parameter 
in comparing to energies characteristic for the other meson's interaction. It gives us the 
reason to exclude the rjo-Held by means of the large mass reduction method, i.e. the I/Mq 
expansion and the Gaussian approach. As a result, we express the remaining constants 
L7, Li4 via parameters characterizing interaction in the vacuum channel. 

^^-"2Mjl,12 "^^°J ' ^^-"288M^"6^^+12^^ + T2""^- ^^^^ 

The terms in these formulas are ordered according to their contributions at large- A^c, namely 
the first terms in L7, L14 are of order oiO{N^), — 3, and the next three ones are estimated 
as 0{Nc). In this case the Zweig rule works only numerically for Nc, and in the large- A'^c 
limit it is wrong, since the reduction of r/' by I/Mq expansion is invalid. The saturation 
of the constants L7, L14 by terms of order 0{Nc) is in a good agreement with experimental 
estimations [5]: 

(-0.4±0.2) • 10-^ Li4 = (2.3± 1.1) • 10-^ (24) 

The constraints (13) and (19) presented above are characteristic for the most of the 
chiral bosonization models. In the chiral bosonization model, presented in the section 2, 
the parameter ^ = that evidently allows to connect the remaining constants with the 
phenomenological ones, i.e. fix them from experiment. Thus, with the known values of 
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^ and Nc, the uncertainty in the model lagrangian vertices disappears. Thereby, so-called 
tachion vertices, which are proportional to I3 and I4, influence the t/4(l)-physics at low 
energies and can be estimated from experimental data. 

4 Effective Chiral Lagrangian in the Conformal Metric 
and the Energy-Momentum Tensor. 

The matrix elements of the energy-momentum tensor in the chiral theory are shown to 
be important for the description of the low-energy processes in which the scalar and tensor 
mesons are involved. Their calculation can be performed within the Chiral Perturbation 
Theory, when a nontrivial background metric in the chiral lagrangian is introduced. The 
metric tensor g^i, is an external source after the variation of which the energy-momentum 
tensor can be found: 

where 77^^ = diag(l, -1, -1, -1). 

The effective lagrangian is built of the vertices invariant under the global coordinate 
transformations (diffeomorphisms) . The general form of the chiral lagrangian can be written 
as follows: 

£ = £(2) +£(4)^ (26) 

where is still the Weinberg lagrangian generalized to an arbitrary metric. The L^^^ 
includes terms of order of p^: 

£(4) ^£(4,g)^^(4,il)_ (27) 

The first part of L^^'^'> in the formula (27) resembles in one's structure the lagrangian (12) 
in an arbitrary metric. The other part, C^'^'^\ includes the curvature tensor: 



+ LuR'^'^ < D^U{D,Uy > (28) 

where R,, = i?^,,, R = R,,g^^ , R^^^ = d^T^^ - d,T'„^ + r^„r^^ - T^^F"^. Thus, in an 
arbitrary metric three new phcnomcnological constants appear, which prove to be necessary 
for the energy-momentum tensor parametrization in the chiral theory 

One can convince that for their estimates obtained by means of the low-energy bosoniza- 
tion method it is sufficient to consider the class of conformal metrics. 

g^^, = exp(-2a)r;^^, 77^^ = diag(l, -1, -1, -1). (29) 
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In this case the model lagrangian with conformal metric is obtaind from integration over 
the conformal and chiral anomalies, according to the bosonization scheme presented in the 
section 2. 

In the conformal-flat metric the scalar curvature R and the Ricci tensor R^^, are func- 
tionals depending on a{x) and cr^ = 9^(7: 



R = _6e2'^((7X-aV), (30) 
and the lagrange density, which contains new constants (I/n, L12, 1/ia), takes the form: 



[-6{a^a'' - 8^a)Lu - {2a^a^ - 9V)Li2] < D^U{D^Uy > 

+ 2Li2((7^. + (7^(7,)<L"^C/(OT)^> (31) 

- 6L,se-^''(a^a^ - 8^a) < xC/^ + Ux^ > 

The remaining part of the chiral lagrangian is easily reproduced from (12) by exchange of 
variables: g^i, = e~'^'^r]i^„. 

Let us proceed to the model evaluations of the structure constants Lu, Li2j Li^, which 
come from the low-energy chiral bosonization method. The generating functional in the 
presence of external metric can be reduced to the following form [10]: 

Z^^ J DqDqex.p{i J d'^xqex.p{a/2)Vex.p{a/2)q), (32) 

where the operator V ='p + e^'^{S + iP'^^) ='p + S + iP'~f5, with q = e^^'^ip. Thus, the 
conformal metric is induced by local dilatations of the Dirac operator q — > e^'^^^q, and the 
corresponding effective action is calculated by integration over the conformal anomaly [8]. 

In order to find the chiral lagrangian in external metric we follow the low-energy QCD- 
bosonization scheme, presented in the paper [2]. The collective contribution of the conformal 
and chiral anomalies into the Wess-Zumino-type effective action has the following symbolic 
form: 

W(U,a;S,P) ^ - /^dTTr(75n < xim^ - ($r^$r -«Af)2)|a; >), (33) 
Jo 

where $^ = exp((ro"+i75nr)/2), and V{...) is the finite-mode projector [9] on the low-energy 
region in accordance to the model [4]. 

As the result of the chiral bosonization one has the effective action for pseudoscalar fields, 
which, in this case, is expressed by the difference of Wess-Zumino functionals in the external 
metric: 

S,ff{a, n) = W{0, a; S, P) - W{U, a; S, P). (34) 

It can be cquivalently expressed by combination of the chiral lagrangians in conformal metric 
(see the section 2) and conformal ones in the presence of external pseudoscalar fields, namely: 
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{W{0,0;S,P)-W(0,U;S,P)) 
+ {W{0,U;S,P)-W{a,U;S,P)) 
- iWiO,0;S,P)-Wia,0;S,P)). 



(35) 



Due to this, one succeeds to use the results [8], where the corresponding conformal effective 
action was calculated. 

In order to convert the model lagrangian into phenomenological form (12) , we, as before, 
use the equation of motion: 



U^DlU - {DlU)^U + Aa,{D,U)^U + e-'^{x^U - U^x) = if^" < X^U - U^x >, (36) 

which, in this case, includes the dependence on the external metric, at that the tachion- 
like terms gives the additional contribution into the vertices Ln, L12, Li^] in particular, the 
following vertex becomes essential: 

^ < {D'U^D'U > . (37) 

After the required transformations we come to the following model estimates of the 
structure constants: 



Lii = 1.58-10-3 

L12 = -3.2-10-3 (38) 
Li3 = 0.3 - 10^3 

One should point to the constraint 2Lii = —L12 which has a Zweig rule form and combines 
the vertices including curvature tensor in the conserving Einstein energy-momentum tensor: 

R^.u - loi^uR. (39) 

5 Conclusion. 

In the paper we presented the extended low-energy bosonization of the vector, axial- vector, 
scalar and pseudoscalar [/(3)-quark currents, and also the pseudoscalar gluon density and 
the quark energy-momentum tensor. We have used phenomenological solution of the U{1)- 
problem and a model of the low-energy region. On this way the estimations of the new 
structure constants Lii,...,Lig have been found and Zweig-type constraints on them were 
obtained. 

It is of interest to compare our model estimations with experimental data, available at the 
moment, and the indirect estimates following from the hadron physics. As it was mentioned, 
the constraint L14 = —ALj is well justified by experimental information on the charmonium 
decays ip' ^ J/ip with emission of the 7r-or 77-mesons [11]. 
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Indeed, in the multipole expansion approach, the branching ratio of these reactions is 
given by: 



V{f^J/i^ri) <0|G'G'|77> 

For adopted values of the current quark masses, it makes possible to find safely the constant 
L14. Experimantal data are precise enough to evaluate L14 = (2.3 ± 1.1) • 10~^. 

For the description of the other structure constants the reliable experimental information 
is absent. However, some of them can be evaluated when proceeding from the phenomenolog- 
ical lagrangian, which includes heavier hadron states and is reduced to the chiral lagrangian 
in the infrared region [6]. In particular, the coefficients Lu, L12, L13 are saturated by the 
p-meson, tensor and scalar resonances and numerically must be of order: 



Ln = 1.6-10-^ 

L12 = -2.7-10-^ (41) 
Li3 = 0.9 -10-^ 

Here one can see a good agreement with evaluations of Ln, L12 and the serious discrepancy 
of L13. It is entailed by an uncertainty in modelling of the low-energy region and serves as 
a stimulus for proceeding development of the chiral bosonization method. 
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